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The paper describes the Hick Samuelson Keynes dynamical economic model with dis-
crete time and consumer sentiment. We seek to demonstrate that consumer sentiment
may create fluctuations in the economical activities. The model possesses a flip bifur-
cation and a Neimark-Sacker bifurcation, after which the stable state is replaced by a
(quasi-) periodic motion.
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1. INTRODUCTION

The economic empirical evidence ([1], [5], [9]) suggests that consumer sentiment
influences household expenditure and thus confirms Keynes’ assumption that con-
sumer "attitudes" and "animalic spirit" may cause fluctuations in the economic
activity. On the other hand, Dobrescu et all. ([3], [4]) analyzed the bifurcation
aspects in a discrete-delay Kaldor model of business cycle, which corresponds to
a system of equations with discrete time and delay. Following these studies, we
develop a dynamic economic model in which the agents’ consumption expenditures
depend on their sentiment. As particular cases, the model contains: the Hick-
Samulson ([8]), Puu ([8]) and Keynes ([10]) models, as well as the models from
[2] and [10]. The model possesses a flip and Neimark-Sacker bifurcation, if the
autonomous consumption is variable.

The paper is organized as follows. In Section 2, we describe the dynamic model
with discrete time using investment, consumption, sentiment and saving functions.
For different values of the model parameters we obtain well-known dynamic models.
In Section 3, we analyze the behavior of the dynamic system in the fixed point’s
neighborhood for the associated map. We establish asymptotic stability conditions
for the flip and Neimark-Sacker bifurcations. In both the cases of flip and Neimark-
Sacker bifurcations, the normal forms are described in Section 4. Using the QR
method, the algorithm for determining the Lyapunov exponents is presented in
Section 5. Finally, the numerical simulation is done. The analysis of the present
model proves its complexity and allows the description of the different scenarios
which depend on autonomous consumption.



2. THE MATHEMATICAL MODEL WITH DISCRETE TIME AND
CONSUMER SENTIMENT

Let y: = y(¢), t € N be the income at time step ¢ and let:
1. the investment function I; = I(t), t = 2..N, be given by:

Iy = v(yt—1 — yr—2) —w(ye—1 — yt72)3, v>0,w>0; (1)

2. the consumption function Cy = C(t), t = 2..N, be given by:
Ci=a+y—1(b+¢Si—1), a>0,b>0,c>0, (2)

where Sy = S(t), t = 2..N, is the sentiment function given by:

1
T 14 cexp(ye—1 — yt)’

S e €[0,1]; (3)

3. the saving function E; = E(t), t = 2..N, be given by:
Ey =d(yi—2 — y4—1) + mSi—1, d>0,m >0. (4)
The mathematical model is described by the relation:
ye =1 + Cy + Ey. (5)

From (1), (2), (3), (4) and (5) the mathematical model with discrete time and
consumer sentiment is given by:

Cye +m 4 =2.N.
1+ cexp(yi—1 — yt)
(6)

The parameters from (6) have the following economic interpretations. The pa-
rameter a represents the autonomous expenditures. The parameter d is the control,
d € [0, 1] and it characterizes a part of the difference between the incomes obtained
at two time steps ¢ — 2 and ¢ — 1, which is used for consumption or saving in
the time step t. The parameter ¢, ¢ € [0,1], is the trend towards consumption.
The parameter m, m € [0,1], is the trend towards the saving. The parameter b,
b € (0,1), represents the consumer’s reaction against the increase or decrease of his
income. When the income (strongly) decreases, the consumer becomes pessimistic
and consumes 0 < b < 1 of his income. When the income (strongly) increases, the
consumer becomes optimistic and consumes b < b+ ¢ < 1 of his income. Note that
Souleles ([8]) finds, in fact, that higher consumer confidence is correlated with less
saving and increases in relation to expected future resources. The parameters v
and w, v > 0, w > 0 describe the investment function. If w = 0 the investment
function is linear. The parameter €, ¢ € [0, 1], describes a family of the sentiment
functions.

For different values of the model parameters, we obtain the following classical
models:

1. fora=0,b=1-s,d=0,m =0,e =0,s € (0,1) from (6) we obtain the
Hick-Samuelson model ([7]):

yr = a+dys—o+(b—d)ys—1+0(yi—1—Yi—2)—w(Y—1—yi—2)>+

Y= (1+v—8)yr—1 — VY2, v>0,s € (0,1);



2. forv=w=0,6 =0,m =0, (6) gives us the Keynes model ([7]):
Yo = d(ye—2 — Ye—1) + a + bye—1;
3. for v =w =0,e =1, (6) leads to the model from [2]:
CYi—1 +m
1+ exp(yt—2 — yt—1)

4. fora=0,b=s—-1,d=0,m=0,w =14 v,e =0, from (6) we get the Puu
model ([7]):

Y = d(yr—2 —yr—1) + a + by + ,t € N;

Ye = (-1 — Yi—2) — (L +0) (W1 — Ys—2)> — (1 — 8)ye—_1.

3. THE DYNAMIC BEHAVIOR OF THE MODEL (6)

Using the method from Kusnetsov [6] and [3] and [4], we will analyze the system
(6), considering the parameter a as bifurcation parameter. The associated map of
(6) is F : R? — R? given by:

(V) - a+(b—d+v)y+(d—v)z—w(y—z)3+H;Zi:g%
z Y
Using the methods from [3], [4] and [6], the map (7) has the following properties:

PrROPOSITION 1. (7). If (1 +¢€)(1 —b) — ¢ > 0, then, for the map (7), the fixed
point with the positive components is Ey(yo, z0), where:

(7)

Yo = p1a + p2; Z0 = Yo
and
_ 1+¢ - m ) (8)
=g -n-c? " a+roa-b-c¢
(ii). The Jacobi matriz of the map F in Ey is given by:
_ [ a1 a2
where: ain = p3a — pa + ps,a12 = —pP3a + pa,

Ec

P3 = P, Pa = d— v — G357 — ozl Ps = b+ gig
(iii). The characteristic equation of matriz A is given by:

)\2 - a11>\ — a1 = 0, (10)
(iv). If the model parameters d,v,e,b, c,m satisfy the following inequality:
I+d—v)1+e)((1+e)(1—-b) —c)—me(l—b) >0, (11)

then, for equation (10), the roots have the modulus less than 1, if and only if
a € (a1, az), where
_2ps—ps—1 14
=5 02=——

2ps P3

(v). If the model parameters d,v,e,b, c,m satisfy the inequality (11) and a = a1
then, one of equation (10)’s roots is -1, while the other one has the modulus less
than 1;

(vi) If the model parameters d,v,e,b, c,m satisfy the inequality (11) and a = agy
then, the equation (10) has the roots pi,(a) = u(a), py(a) = fi(a), where |p(a)] = 1.

aq (12)



Using [7] and Proposition 1, with respect to parameter a, the asymptotic sta-
bility conditions of the fixed point, the conditions for the existence of the flip and
Neimark-Sacker bifurcations are presented in:

PROPOSITION 2. (3). If (1 +¢)(1 —b) —c > 0, the inequality (11) holds and
2py —ps — 1 > 0, then for a € (a1, a2) the fixed point Ey is asymptotically stable.
If 1 +¢)(1 —b) —c> 0, the inequality (11) holds and 2py — ps — 1 < 0, then for
a € (0,az) the fized point Eq is asymptotically stable;

(ii). If (1 +¢e)(1 —b) —c > 0, the inequality (11) holds and 2py —ps —1 > 0,
then a = a1 is a flip bifurcation and a = as is a Neimark-Sacker bifurcation;

(i11). If (1 +¢€)(1 —b) — ¢ > 0, the inequality (11) holds and 2ps —ps —1 < 0,
then a = as is a Neimark-Sacker bifurcation.

4. THE NORMAL FORM FOR FLIP AND NEIMARK-SACKER
BIFURCATIONS

In this section, we describe the normal form in the neighborhood of the fixed
point Fjy, for the cases a = a; and a = as.
We consider the transformation:

Uy =Yy — Yo, Uy = 2 — 2o (13)
where o, 2o are given by (8). With respect to (13), the map (7) is G : R? — R?,
where ( )
g1{u1, U2
G(uy,us) = 14
(11,102) (92(u17U2)> (14
and
T cuy +r
= - b—d d — v)ug — wluy — ug)?
g1(u1,us2) Tz + ( +v)uy + (d —v)ug —wl(ug —ug)” + Tprp——
g2(ur,uz) = wi,r=cyo+m

The map (14) has O(0,0) as fixed point.
We consider:

on on 3291 3291
= =271 log = —21 li1 =
an Buy (0,0),a12 Dty (0,0), 120 02 (0,0),111 D1y (0,0),
8291 8391 5391 5391 3391
02 au% (07 0)7 30 8u:1; (Oa 0)7 21 8u§3u2 (Oa 0)7 12 aulaug (O; 0)7 03 au% (05 0)

We develop the function G(u),u = (u1,u2)” in the Taylor series until the third
order and obtain:

G(u) = Au + %B(u,u) + %C(u, u, u) + O(Jul*)

where A is given by (9) and

B(u,u) = (Bl(u,u),O)T,C(u,u,u) = (C’l(u,u,u),O)T (15)



B! (u,u)

l l
T ( l20 l11
" ( i loz ) “
1 _ T l30 Il lor lig
C*(u,u,u) = u |(w + uy u
121 112 112 ZO3
For a = ay, given by (12) with the condition (v) from Proposition 1, we have:

PROPOSITION 3. (i). The eigenvector q¢ € R?, given by Aq = —q has the com-
ponents:

@ =1¢=-1 (16)
(ii) The eigenvector h € R?, given by hT A = —h™ has the components:
1 a2
hy = yhe = — .
YTt 1+ a2

The relation < q,h >=1 holds.
(7). The normal form of the map (7) on the center manifold in O(0,0) is given

by:

1
n—-n+ gvng +O(n*),

where v = ﬁ(l% —3lo1 + 3l12 — 103) + #(Zgo — 201 + l02)2.

1—ai2

The proof results from straight calculus using the formula (6):

v =< T,C(q7Qaq) > +3B(q7 ([ - A)le(q,q))’[ - < é 2 > ’

For a = ag, given by (12) with the condition (vi) from Proposition 1, we have:

PROPOSITION 4. (i). The eigenvector ¢ € C?, given by Aq = p,q, , where ju; is
the eigenvalue of the matriz A, has the components:

g =1,q2 = py = 11y.

ii) The eigenvector h € C2%, given by hT A = p,h™, where p, = @iy, has the
2 2 1

components:
1 _ par2

= ) 2 —_— .
1+ pfars 1+ pfas

hi

The relation < q,h >=1 holds.
Using (15) and (16) we have:

BY(q,q9) = lao + 2l11ps + lo2p3,
BYq,9) = loo + lix(py + o) + loapty o,
BYG,q) = lao+ 2li1py + lo2ps.
We denoted by:
g0 = v1BY(q,9),911 = v1B(q,7), go2 = v1B*(3,9),
hyy = (1—v1 —701)g20,hiy = (1 —v1 —01)g11, hiy = (1 — v1 — U1)goa,
h3y = —(vipy +01p1)B' (¢, q), hiy = —(vipy + V1) B (q,7),
h%Q = 7(1]1:“2 +@1H’1)B1(qa 6)7 (17)



h Bl hi,
wao = (2T A)‘l( )w (- A)‘l( )w — (3 A)-l( 0 ) (1)
h‘20 h‘ll h’OQ

where I = ( (1) (1) ), A is given by (9) and
roo = B'(g,wa0),r11 = B'(q,w1),
Co = CYq:4,9) = lso + (g + 2p2)lo1 + 1o (201 + pin) i + py p3lo3,
go1 = 1)2(7“20 + 2r11 + Co). (19)

Using the normal form for the Neimark-Sacker bifurcation of the dynamic sys-
tems with discrete time [6] and (17), (18), (19), we obtain:

PROPOSITION 5. (i). The solution of the system (6) in the neighborhood of the
fized point (yo,z0) € R™ is given by:
2

_ N 9o — 1,
Yo = Yo+ poTt + 11Tt + 5 W20t + Wi T Tt + 5 W02t

— Iy 5 jR— 1y
2t =20+ X +7T¢ + inOxt + w1 T + §w02xt,

Yt—1

where x; s the solution of the following equation:

1, N O B
Tey1 = Ut + 592035,5 + g117+T¢ + 59021?,5 + 5921% Tt.

(i) A complez variable transformation exists so that the equation (20) becomes:
Wit = pywi + Clwiwr + Olwel*),
where

-3-2 2 2
ol — 920911 (po fi1) lg11] + |g20] + 921

23 —p)(pe = 1) (T=pq)  2(pf —po) 2

(i3i). If lo = Re(e™"C1) < 0, where 0 = arg(u,),then in the neighborhood of the
fized point (yo, z0) there is a stable limit cycle.

5. THE LYAPUNOV EXPONENTS

If a; > 0 then for a € (0,a1) or a € (az2,1) the system (6) has a complex
behavior and it can be established by computing the Lyapunov exponents. We will
use the algorithm QR from [6] and the determination of the Lyapunov exponents
can be obtained by solving the following system:

cyr +m

3
yerr = at(b—d+o)y+(d—v)z —wly —2)" + 1 P E—
Rt+1 = Ut
COS X4
T4 = arctan (_ fi1cosxy — fiasin xt>
A1 = X+ In(|(f11 — tanzy) coszy cosxp1 — frosinxg coszyyq|)
Pepr = pp +In(|(fi1 — tanxeyy + 1) sinag cos xi4q + fi2 cos xy cos x441]),



with
c+elc+m+ cyr) exp(ze — yt)

df1 2
fii = 2=hz)=b—d+v—3w(y —2)*+ ’
1 8y( ts 2t) (Ye — 2) (1+6exp(zt—yt))2

Of, o &(m+cy)exp(ze — yi)
f12 = 7(y,z):d7'l)+3w(y 72) o ’

5, W2t tT s (14 cexp(ze — p))°

The Lyapunov exponents are:

A
Ly = lim =*, Ly = lim Bt (20)

t—oo —oo ¢

If one of the two exponents is positive, the system has a chaotic behavior.

6. NUMERICAL SIMULATION

The numerical simulation is done using a Maple 11 program. We consider
different values for the parameters which are used in the real economic processes.

The bifurcation parameter is a.

For a = 250,v = 0,1,w = 0,c = 0,1,b = 0,45, = 1,m = 0,5 and d = 0 we
obtain Figl, while for a = 250,v = 0,1,w = 0,¢ = 0,1,b = 0,45, = 1,m = 0,5
and d = 0,6 we obtain Fig2. Both figures represent the income y; with respect to
the income y;_1. In both these cases, the system is not chaotic.

Fig i gelv-i il
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For a = 250,v =0,1,w =0,c=0,1,b = 0,45, = 1,m = 0,5 and d = 0,8 we
obtain Fig3 and Fig4, which represent the income y; with respect to the income
yt—1and the Lyapunov exponent. In these cases, the system has a chaotic behavior.



For different values of the parameters, we can obtain a Neimark-Sacker bifurca-

tion point or a flip bifurcation point and a Neimark-Sacker bifurcation point.

1]
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